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a b s t r a c t

We introduce a new preference disaggregation modeling formulations for multiple criteria sorting with a set

of additive value functions. The preference information supplied by the Decision Maker (DM) is composed of:

(1) possibly imprecise assignment examples, (2) desired class cardinalities, and (3) assignment-based pairwise

comparisons. The latter have the form of imprecise statements referring to the desired assignments for pairs

of alternatives, but without specifying any concrete class. Additionally, we account for preferences concerning

the shape of the marginal value functions and desired comprehensive values of alternatives assigned to a

given class or class range. The exploitation of all value functions compatible with these preferences results

in three types of results: (1) necessary and possible assignments, (2) extreme class cardinalities, and (3)

necessary and possible assignment-based preference relations. These outputs correspond to different types

of admitted preference information. By exhibiting different outcomes, we encourage the DM in various ways

to enrich her/his preference information interactively. The applicability of the framework is demonstrated

on data involving the classification of cities into liveability classes.

© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Multiple criteria sorting (ordinal classification) involves the as-

signment of a set of alternatives evaluated using a set of criteria to

one or several homogeneous classes. Despite being closely related

to clustering (Meyer & Olteanu, 2013) and finding ordered segments

(Chen, Cheng, & Hsu, 2013), this type of problem differs from both of

them. On the one hand, clusters are not ordered, whereas classes are

given in a preference order. On the other hand, segments do not need

to be defined a priori, which is the case for classes. In any case, such

discrimination among two or more ordered and pre-defined sets of

alternatives is at the core of various real-world decision problems.

Some recent sorting applications concern energy and electricity mar-

ket (Diakoulaki, Zopounidis, Mavrotas, & Doumpos, 1999; Mavrotas,

Diakoulaki, & Capros, 2003), climate change (Diakoulaki & Hontou,

2003), economy and finance (Doumpos & Zopounidis, 2011), stock

portfolio selection (Xidonas, Mavrotas, & Psarras, 2009), cancer care

(Belacel & Boulassel, 2000), airline market (Norese & Carbone, 2014),

land-management (Macary, Almeida Dias, Figueira, & Roy, 2014), ur-

ban and territorial projects (Abastante, Bottero, Greco, & Lami, 2014),
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ccreditation systems (Siskos, Grigoroudis, Krassadaki, & Matsatsinis,

007), and tourism (Mailly, Abi-Zeid, & Pepin, 2014).

In this paper, the multiple criteria sorting model used to work out

recommendation is a set of value functions. Multi-Attribute Value

heory is a well established theory considering compensatory pref-

rence models that represent how DMs account for trade-offs among

riteria. Such models are widely used and appreciated by the Multiple

riteria Decision Aiding community for their relatively small compu-

ational effort and easy interpretation. Using additive value functions

equires specification of the parameters related to the formulation of

arginal value functions. These parameters follow either directly or

ndirectly from preference information provided by the DM. The for-

er involves direct specification of some parameter values. The latter

oncerns some examples of holistic or criterion-specific judgments,

r requirements with respect to the delivered recommendation. This

nformation is subsequently employed to induce values of the com-

atible preference model parameters which are able to restore the

M’s exemplary judgments or requirements. Such indirect elicitation

s usually called disaggregation.

In the last decades, methods that require indirect, impre-

ise, and incomplete preference statements of the DM are pre-

ailing. In fact, several value-based disaggregation sorting meth-

ds have been already proposed in the literature. They require

he DM to express her/his preferences by providing a set of

ssignment examples on a subset of alternatives (s)he knows
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elatively well, called reference alternatives. When using such in-

irect preference information, there exist multiple (usually, infinitely

any) compatible instances of the preference model. Various meth-

ds handle this ambiguity in different ways. Some of them, e.g., Bous,

ortemps, Glineur, and Pirlot (2010), Devaud, Groussaud, and Jacquet-

agreze (1980), Doumpos and Zopounidis (2007), and Greco, Kadz-

ński, and Słowiński (2011), select a single compatible value function,

hus, providing precise assignment of alternatives. Other approaches,

.g., Greco, Mousseau, and Słowiński (2010), Kadziński and Tervonen

2013), and Köksalan and Bilgin Özpeynirci (2009), take into account

ll compatible value functions, and investigate the spaces of consen-

us and disagreement between recommendation suggested by these

unctions. These approaches are known under the name of Robust

rdinal Regression. The results of Robust Ordinal Regression are ma-

erialized with the possible and necessary assignments, that is sort-

ng recommendations confirmed by all or at least one compatible

alue function, respectively. A recent study in Doumpos, Zopouni-

is, and Galariotis (2014) compares experimental results on the rela-

ionship between the outcomes of a single decision model (additive

alue function) and the ones from the whole set of compatible model

nstances.

The type of admitted preference information and elements of re-

ponses obtained by the DMs, have a great impact on the consistency

etween value system of the stakeholders, the evolution of the deci-

ion process and recommendation of a specific decision. Nowadays,

he types of admitted preference information, models, procedures,

nd provided results are more often perceived as a communication

nd reflection tool. In this spirit, the recent trend in Multiple Criteria

ecision Aiding consists in accounting for types of preference infor-

ation which have not received due attention in existing methods,

s well as conducting diversified robustness analysis for the delivered

esults. Using new types of preference information increases the flex-

bility of the interactive procedure, thus enabling the consideration

f any preference information coming from the DM. The latter aims

t increasing the range of tools that can be used for looking more

horoughly into the problem, by exploring, interpreting, or testing

cenarios. When it comes to recently proposed new types of prefer-

nce information, let us recall desired class cardinalities, e.g., “we wish

o accept at most 10 candidates” or “we need to reject at least 30 ap-

lications” (Kadziński & Słowiński, 2013; Mousseau, Dias, & Figueira,

003), which now can be employed along with the traditionally used

ssignment examples.

As far as robustness analysis of sorting recommendation is con-

erned, apart from the already mentioned necessary and possible

ssignments, one has recently proposed to consider three types of

esults:

• assignment-based preference relations, which admit the com-

parison of a sorting recommendation for pairs of alternatives

(Kadziński & Tervonen, 2013),
• class acceptability indices representing the shares of compatible

preference model instances assigning an alternative to a particular

class (Kadziński & Tervonen, 2013), and
• recommendation obtained with a value function which is rep-

resentative for the whole set of compatible value functions

(Kadziński, Greco, & Słowiński, 2013).

his paper can be seen as an inherent part of the above mentioned

rend in Multiple Criteria Decision Aiding with the following three-

old aim.

First of all, we introduce the new type of indirect preference infor-

ation for sorting problems in the form of assignment-based pairwise

omparisons of alternatives. Indeed, people are used to refer to such

omparisons in their judgments. In many real-world decision situa-

ions, they use statements such as “a should be assigned to a class

t least as good as b”, “there is a difference of at least two classes

etween c and d”, “e is better than f by at most one class only”, or
g and h represent the same class”. These are imprecise preference

tatements, which refer to the desired assignments for pairs of al-

ernatives, but without specifying any concrete class. Note that when

sing such expressions, people do not rate a given alternative individ-

ally as in the assignment examples, but rather confront alternatives

one vs. one”. Nevertheless, the purpose of these statements is not to

ank the alternatives, but rather to enable their comparison in terms

f the sorting problem.

Furthermore, as mentioned before, the authors of Kadziński and

ervonen (2013) provided procedures for comparing sorting recom-

endation for pairs of alternatives. Precisely, they introduced the

ecessary and possible assignment-based preference relations cor-

esponding to such results as, “irrespective of the compatible model

nstance, the class of alternative a is never worse than the class of

” or “there is at least one compatible model instance that assigns a

o a class at least as good as b”. Such a recommendation involving

ll compatible preference model instances and referring directly to

airs of alternatives is not possible when using the necessary and

ossible assignments only. Given a framework for comparing pairs of

lternatives at the output, it is even more justified to allow providing

airwise comparisons at the input of the method too.

Moreover, specification of the assignment-based pairwise com-

arisons of the alternatives allows to address one of the commonly

cknowledged disadvantages of using some traditional disaggrega-

ion methods. Very often, the ranges of possible assignments for the

lternatives are rather wide and there exist significant subsets of al-

ernatives possibly assigned to the same class range (see, e.g., Greco,

adziński, Mousseau, & Słowiński, 2012; Kadziński et al., 2013). Ac-

ounting for the assignment-based pairwise comparisons reduces the

et of compatible preference model instances, thus making the possi-

le assignments more precise and diversifying the recommendation

btained for different alternatives.

The second aim of the paper is to provide a framework for incor-

orating a number of preference modeling approaches into a single

odeling approach capturing preference information given in dif-

erent forms. These include assignment examples, assignment-based

airwise comparisons, and desired class cardinalities. However, we

dditionally account for other types of preference information con-

erning the shape of the marginal value functions (e.g., concavity

r convexity, interval estimates of relative values, and intensities of

reference) and newly introduced desired comprehensive values of

lternatives assigned to a given class or class range (e.g., “alternatives

ssigned to class at most medium should have value not greater than

.4” or “the difference of values between alternatives assigned to class

ood and bad should be at least 0.7”). We believe that such desired val-

es are easier to provide for the DMs than, e.g., the range of variation

f piecewise linear marginal value functions, and may be appreciated

y some DMs also from the point of view of interpretability of the

esults. Accounting for all these preference statements, we provide

flexible modeling framework that incorporates a wide spectrum of

ndirect and imprecise preference information coming from the DM.

bviously, the ultimate goal of using all this preference information

onsists in applying the inferred compatible preference model on the

hole set of alternatives.

In that respect, the third aim of the paper is to provide a frame-

ork for deriving a variety of results stemming from robustness anal-

sis, including necessary and possible assignments, necessary and

ossible assignment-based preference relations, and extreme class

ardinalities. These outputs correspond to different types of admitted

reference information, i.e., assignment examples, assignment-based

airwise comparisons, and desired class cardinalities. In this way, the

reference information of each type is reproduced in the respective

utcome. The DM may also observe the impact of her/his preferences

n the sorting recommendation concerning the whole set of alter-

atives (in case of assignments), all pairs of alternatives (in case of

ssignment-based preference relations), and all classes (in case of
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extreme class cardinalities). By exhibiting three types of results we

encourage the DM to add some exemplary decisions or requirements

that lead to a final recommendation. Let us call this integrated mul-

tiple criteria sorting framework with different types of preference

information and sorting results, ROR-UTADIS.

The organization of the paper is the following. In the next sec-

tion, we introduce definitions and notation that will be used along

the paper. In Section 3, we recall procedures of multiple criteria

sorting which have been used and extended in the proposed ap-

proach. Section 4 presents different types of preference informa-

tion that may be supplied by the DM. This includes the newly in-

troduced assignment-based pairwise comparisons and the desired

comprehensive values for alternatives assigned to a given class or

class range. Section 5 is devoted to exploitation of the set of com-

patible preference model instances in terms of class assignments,

assignment-based pairwise comparisons, and extreme class cardi-

nalities. In Section 6, we discuss the impact of preference information

on recommendation, putting emphasis on incremental specification

of preferences. Section 7 demonstrates the approach on an example

of its application. The last section concludes the paper.

2. Notation

We shall use the following notation:

• A = {a1, a2, . . . , ai, . . . , an}—a finite set of n alternatives;
• AR = {a∗, b∗, . . .}—a finite set of reference alternatives, on which

the DM accepts to express preferences; we assume that AR ⊆ A;
• G = {g1, g2, . . . , gj, . . . , gm}—a finite set of m evaluation criteria,

gj : A → R for all j ∈ J = {1, 2, . . . , m};
• Xj = {xj ∈ R : gj(ai) = xj, ai ∈ A}—the set of all different evaluations

on gj, j ∈ J; we assume, without loss of generality, that the greater

gj(ai), the better alternative ai on criterion gj, for all j ∈ J;

• x1
j
, x2

j
, . . . , x

nj(A)

j
—the ordered values of Xj, xk

j
< xk+1

j
, k =

1, 2, . . . , nj(A)− 1, where nj(A) = |Xj| and nj(A) ≤ n;
• gj,∗ and g∗

j
are, respectively, the lower and upper bounds for the

performance scale on gj (in particular, if these extreme perfor-

mances are not predefined, we assume they are equal to, respec-

tively, the worst and the best performances of the existing alter-

natives, i.e. gj,∗ = x1
j

and g∗
j

= x
nj(A)

j
);

• C1, C2, . . . , Cp—p predefined preference-ordered classes, where

Ch+1 is preferred to Ch, h = 1, . . . , p − 1, moreover, H = {1, . . . , p}.

In order to represent DM’s preferences, we shall use a model in form

of an additive value function:

U(a) =
m∑

j=1

uj(gj(a)) =
m∑

j=1

uj(a). (1)

The basic set of constraints defining general additive value functions

has the following form:

[M1] uj

(
xk

j

) − uj

(
x(k−1)

j

) ≥ 0, k = 2, . . . , nj(A), j = 1, . . . , m,

[M2] uj

(
x1

j

) ≥ uj(gj,∗), uj

(
x

nj(A)

j

) ≤ uj(g
∗
j
),

[N1] uj(gj,∗) = 0, j = 1, . . . , m,
∑m

j=1uj(g
∗
j
) = 1.

⎫⎪⎪⎬
⎪⎪⎭

EBASE
EX

Constraints [M1] and [M2] ensures that marginal value functions uj,

j ∈ J, are monotone, non-decreasing, while constraint [N1] guarantees

that the additive value (1) is bounded within the interval [0, 1].

As noted in Spliet and Tervonen (2014), analysis of general mono-

tonic marginal value functions is unlikely to be useful for practical

decision aiding in contexts where the decision maker preferences are

elicited in the form of holistic judgments. Thus, instead of general

marginal value functions we can use piecewise linear ones. Then,
or each uj, j = 1, . . . , m, we need to define the number of charac-

eristic points γj. The intervals [gj,∗, g∗
j
] are divided into γj − 1 equal

ub-intervals with the endpoints:

s
j = gj,∗ + (g∗

j − gj,∗)(s − 1)/(γj − 1), s = 1, . . . , γj.

hen, the monotonicity constraints [M1] and [M2] should be formu-

ated in the following way:

uj

(
gs

j

) − uj

(
gs−1

j

) ≥ 0, j = 1, . . . , m, s = 1, . . . , γj,

uj

(
xk

j

) = uj

(
gs−1

j

) + (
uj

(
gs

j

) − uj

(
gs−1

j

))(
xk

j
− gs−1

j

)
/
(
gs

j
− gs−1

j

)
for all xk

j
∈ [gs−1

j
, gs

j
], j = 1, ..., m, k = 1, . . . , nj(A).

⎫⎪⎪⎬
⎪⎪⎭ (2)

. Reminder on value-based sorting procedures

When using a value-function U as a preference model, we may

mploy either a threshold- or an example-based sorting procedure.

.1. Threshold-based sorting

In the threshold-based sorting procedure, we represent the DM

references with a pair (U, t), where U is an additive value function

nd t is a vector of value thresholds that separate the classes. A vector

= {t1, . . . , tp−1} is defined so that 0 < t1 < · · · < tp−1 < 1, and th−1

nd th are, respectively, the lower and upper threshold of class Ch, h =
, . . . , p − 1 (see, e.g., Zopounidis & Doumpos, 2000). Note that t1 is

n upper threshold of class C1 while the lower threshold is 0, and tp−1

s a lower threshold of class Cp while the upper threshold is > 1. Thus,

he basic set of constraints is the following:

t1 ≥ ε, tp−1 ≤ 1 − ε,

th − th−1 ≥ ε, h = 2, . . . , p − 1,

EBASE
EX ,

⎫⎪⎪⎬
⎪⎪⎭ EBASE

TH (3)

here ε is a (generally small) positive value.

The threshold-based sorting model is completely defined by

U, t) ∈ (U , t)R, and alternative a is assigned to class Ch (a → Ch) iff

(a) ∈ [th−1, th[.

.2. Example-based sorting

In the example-based sorting procedure the classes are delimited

y the assignment examples provided by the DM. Each assignment

xample consists of a reference alternative a∗ ∈ AR ⊆ A and its desired

ssignment:

∗ → [CLDM(a∗), CRDM(a∗)], (4)

here [CLDM(a∗), CRDM(a∗)] is an interval of contiguous classes CLDM(a∗),

LDM(a∗)+1, . . . , CRDM(a∗). An assignment example is said to be pre-

ise if LDM(a∗) = RDM(a∗) = h for some h ∈ H (then let us denote it by

hDM(a∗)), and imprecise, otherwise. For the conditions ensuring that

set of assignment examples is reproduced by a value function U, see

ection 4.1.2.

Assuming the use of a single value function U in the example-

ased procedure, alternative a is assigned to an interval of classes

CLU(a), CRU(a)] (a → [CLU(a), CRU(a)]) where:

LU(a) = Max{{1} ∪ {LDM(a∗) : U(a∗) ≤ U(a), a∗ ∈ AR}}, (5)
U(a) = Min{{p} ∪ {RDM(a∗) : U(a∗) ≥ U(a), a∗ ∈ AR}}. (6)

The relationships between the threshold- and example-based

orting procedures are studied in Greco et al. (2010) and Kadziński

nd Tervonen (2013). From a cognitive point of view, the threshold-

ased procedure is easier to explain to the non-experienced users,
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1 We will use “DM” in the lower script to distinguish all types of preference in-

formation (assignment examples a∗ → [CLDM(a∗), CRDM(a∗)], assignment-based pairwise

comparisons a∗ 	→
≥k,DM

b∗ or a∗ 	→
≤l,DM

b∗ , and desired class cardinalities Nmin
h,DM

and

Nmax
h,DM

) provided by the DM from the respective results delivered by the approach.
2 We will use → in the upper script to distinguish assignment-based pairwise com-

parisons 	→
DM and assignment-based preference relations 	→ used in the context of

sorting problems from their counterparts (	DM and 	, respectively) traditionally used

when dealing with ranking and choice problems.
ecause it materializes the class frontiers with the precise thresholds

n the scale of a comprehensive value, while in the example-based

rocedure these boundaries are rather implicit. When it comes to the

elivered results, the example-based procedure provides potentially

mprecise assignments, while the threshold-based procedure always

elivers precise results. Such unambiguity of the delivered recom-

endation is required in some decision making situations. As proved

n Greco et al. (2010), the example-based procedure is more general

han the threshold-based one, because it implicitly considers inter-

als of possible thresholds instead of single values for the thresholds.

recisely, the example-based procedure using a single value function

indicates for each alternative possibly imprecise assignment inter-

al composed of all classes indicated by the threshold-based proce-

ure defined with the same value function U and different admissible

ectors of thresholds t. Finally, as shown later throughout the pa-

er, a computational cost of using the example-based procedure is

igher than for the threshold-based one. The underlying mathemati-

al models considered here involve more constraints and more binary

ariables. Summing up, the selection between the two procedures in-

olves a trade-off between their simplicity and arbitrariness; it should

e also conditioned by the context of a specific sorting problem as well

s the availability of sufficient computational resources.

. Preference information

Instead of employing a direct procedure for estimating the com-

rehensive value model (multi-attribute value theory), we use pref-

rence disaggregation analysis. In preference disaggregation, the pa-

ameters of the preference model are estimated through the analysis

f the DM’s preference information concerning some reference alter-

atives, as well as imprecise requirements with respect to the desired

ecommendation. The problem is then to estimate a value function

hat is compatible with the preference information provided by the

M.

In this section, we present a variety of indirect, imprecise, and

ncomplete preference information admitted by the proposed frame-

ork. The wide spectrum of the accounted types of preference in-

ormation guarantees the flexibility of the interactive procedure. In

articular, we admit the variety of indirect preference information in

he form of exemplary holistic judgments that should be reproduced

y the model, and requirements that the DM would like to impose

or the expected results. This means that the DM can use assignment

xamples, assignment-based pairwise comparisons, or desired class

ardinalities. The first two concern a subset of reference alternatives

hat the DM knows relatively well, whereas desired class cardinalities

efer indirectly to the whole set of alternatives. Moreover, we discuss

ther types of preference information concerning some requirements

ith respect to the comprehensive values attained by the alternatives

ssigned to a specific class or to the shape of marginal value functions.

e discuss the usefulness of each accounted type of preference in-

ormation, and we present mathematical models which are able to

eproduce preferences of the DM, i.e. translate her/his exemplary de-

isions into parameters of a value function or of a pair composed of

value function and its vector of thresholds. Let us emphasize that

he DM is not obliged to specify preference information of each type.

S)he may refer only to the kind of information (s)he feels comfortable

ith and that (s)he is able to provide for the problem at hand without

n excessive cognitive effort.

.1. Assignment examples

Indirect specification of preferences in the context of multiple

riteria sorting has been traditionally identified with assignment
xamples in the form:1

∗ → [CLDM(a∗), CRDM(a∗)].

ssignment examples can be seen as a part of the desired final recom-

endation that need to be reproduced. At the same time, they provide

view on the way the DM makes decisions, which is subsequently

ncorporated into parameters of the preference model.

.1.1. Threshold-based sorting

In the threshold-based sorting procedure, in order to assign ref-

rence alternatives to their desired classes, it is necessary to esti-

ate the comprehensive additive value model and the value thresh-

lds that separate the classes. The pairs (U , t)R compatible with the

rovided assignment examples need to satisfy the following set of

onstraints:

for all a∗ ∈ AR, a∗ → [CLDM(a∗), CRDM(a∗)] :
[TAE1] U(a∗) ≥ tLDM(a∗)−1,

[TAE2] U(a∗)+ ε ≤ tRDM(a∗).

⎫⎬
⎭ EAE

TH (7)

onstraints [TAE1] and [TAE2] guarantee that comprehensive

alue of a∗, which is assigned by the DM to a class range

CLDM(a∗), CRDM(a∗)] is not worse than the lower threshold of class

LDM(a∗) and worse than the upper threshold of class CRDM(a∗),
espectively.

.1.2. Example-based sorting

In the example-based sorting procedure, the preferences disag-

regation process only focuses on the estimation of the compre-

ensive additive value model. The set UR of value functions com-

atible with the DM’s assignment examples needs to satisfy the

ollowing constraints:

for all a∗, b∗ ∈ AR, LDM(a∗) > RDM(b∗) :
[EAE1] U(a∗) ≥ U(b∗)+ ε.

}
EAE

EX (8)

onstraint [EAE1] guarantees that the comprehensive value of a∗ is

igher than the one of b∗ in case the DM assigned the former to a

lass certainly better than the latter, i.e. if the worst allowed class for
∗ is preferred to the best allowed class for b∗.

.2. Assignment-based pairwise comparisons

Assignment examples are holistic judgments which concern the

esired recommendations for individual alternatives. On the contrary,

ssignment-based pairwise comparisons consist of two reference al-

ernatives (a∗, b∗) ∈ AR × AR and imprecise comparison between their

esired assignments. We account for pairwise comparisons in the

ollowing forms:

• a∗ is better than b∗ by at least k ≥ 0 classes, denoted by a∗ 	→
≥k,DM

b∗, or equivalently, there is a difference of at least k classes between

a∗ and b∗ (in case k = 0, a∗ is assigned to a class at least as good

as class of b∗, and in case k = 1, a∗ is assigned to a class better

than b∗)2;
• a∗ is better than b∗ by at most l ≥ 0 classes, denoted by a∗ 	→

≤l,DM
b∗, or equivalently, there is a difference of at most l classes between

a∗ and b∗ (in case l = 0, a∗ is assigned to a class not better than (at

most as good as) the class of b∗).
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Obviously, for a single pair (a∗, b∗) ∈ AR × AR, the statements

a∗ 	→
≥k,DM

b∗ and a∗ 	→
≤k, DM

b∗ may be used together to specify that

there is a difference of exactly k classes between a∗ and b∗ (in case

k = 0, a∗ and b∗ are assigned to the same class).

4.2.1. Threshold-based sorting

The pairs (U , t)R compatible with the provided assignment-based

pairwise comparisons a∗ 	→
≥k

b∗ need to satisfy the following set of

constraints:

for all a∗, b∗ ∈ AR : a∗ 	→
≥k,DM

b∗ :

for h = 1, . . . , p − k :

[TPCL1] U(a∗) ≥ th+k−1 − MvPCL
h

(a∗, b∗),
[TPCL2] U(b∗)+ ε ≤ th + MvPCL

h
(a∗, b∗),

[TPCL3]
∑p−k

h=1
vPCL

h
(a∗, b∗) = p − k − 1,

[TPCL4] vPCL
h

(a∗, b∗) ∈ {0, 1}, h = 1, . . . , p − k.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

EPCL
TH

The statement a∗ 	→
≥k, DM

b∗ is equivalent to requiring that in case b∗ is

assigned to class at most Ch (i.e., its comprehensive value is worse than

th), then a∗ is assigned to class at least Ch+k (i.e., its comprehensive

value is at least as good as th+k−1). The character of this pairwise

comparison is imprecise, i.e., it does not refer directly to any specific

classes Ch and Ch+k. Thus, there exist p − k different combinations

that need to be accounted as possible assignments for b∗ and a∗, i.e.,

respectively, at most C1 and at least C1+k, at most C2 and at least

C2+k, . . ., at most Cp−k and at least Cp (see constraints [TPCL1] and

[TPCL2]). Let vPCL
h

(a∗, b∗), h = 1, . . . , p − k, be a binary variable (see

constraint [TPCL4]) such that when being equal to zero, then a∗ is

assigned to class at least Ch+k and b∗ is assigned to class at most Ch.

Constraint [TPCL3] guarantees that exactly one variable vPCL
h

(a∗, b∗),
h = 1, . . . , p − k, is instantiated with zero. This, in turn, implies that

one of the above mentioned combinations holds by ensuring that

U(a∗) ≥ th+k−1 and U(b∗) < th for some h ∈ {1, . . . , p − k}.

The assignment-based pairwise comparison a∗ 	→
≤l,DM

b∗ is trans-

lated to the corresponding set of constraints:

for all a∗, b∗ ∈ AR : a∗ 	→
≤l,DM

b∗ :

for h = 0, . . . , p − l − 1 :

[TPCU1] U(a∗)+ ε ≤ th+l+1 + MvPCU
h

(a∗, b∗),
[TPCU2] U(b∗) ≥ th − MvPCU

h
(a∗, b∗),

[TPCU3]
∑p−l−1

h=0
vPCU

h
(a∗, b∗) = p − l − 1,

[TPCU4] vPCU
h

(a∗, b∗) ∈ {0, 1}, h = 0, . . . , p − l − 1.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

EPCU
TH

Analogously to a∗ 	→
≥k,DM

b∗, the statement a∗ 	→
≤l,DM

b∗ is equivalent

to requiring that in case b∗ is assigned to class at least Ch (i.e. its

comprehensive value is at least as good as th), then a∗ is assigned to

class at most Ch+l (i.e. its comprehensive value is worse than th+l+1).

Again, since the character of this pairwise comparison is imprecise,

there exist p − l different combinations that need to be accounted

as possible assignments for b∗ and a∗, i.e., respectively, at least C1

and at most C1+l, at least C2 and at most C2+l, . . ., at least Cp−l and

at most Cp (see constraints [TPCU1] and [TPCU2]). Let vPCU
h

(a∗, b∗),
h = 0, . . . , p − l − 1, be a binary variable (see constraint [TPCU4]) such

that when being equal to zero, then a∗ is assigned to class at most Ch+l

and b∗ is assigned to class at least Ch. Constraint [TPCU3] guarantees

that at least variable vPCU
h

(a∗, b∗), h = 0, . . . , p − l − 1, is instantiated

with zero. This, in turn, implies that one of the above mentioned

combinations holds, i.e. U(a∗) < th+l+1 and U(b∗) ≥ th for some h ∈
{0, . . . , p − l − 1}.

4.2.2. Example-based sorting

The set UR of value functions compatible with the DM’s

assignment-based pairwise comparisons in form a∗ 	→
≥k,DM

b∗ and

a∗ 	→
≤l,DM

b∗ should satisfy the following sets of constraints EPCL
EX and
PCU
EX , respectively:

for all a∗, b∗ ∈ AR : a∗ 	→
≥k,DM

b∗ :

for h = 1, . . . , p − k :

[EPCL1] U(a∗)+ MvPCL
h

(a∗, b∗) ≥ U(a)− M
(
1 − vPCL

h
(a)

)
,

for all a ∈ AR : LDM(a) ≥ h + k,

[EPCL2]
∑

a∈AR:LDM(a)≥h+k vPCL
h

(a) ≥ 1,

[EPCL3] vPCL
h

(a) ∈ {0, 1}, for a ∈ AR : LDM(a) ≥ h + k,

[EPCL4] U(b∗)− MvPCL
h

(a∗, b∗) ≤ U(a)+ M
(
1 − vPCL

h
(a)

)
,

for all a ∈ AR : RDM(a) ≤ h,

[EPCL5]
∑

a∈AR:RDM(a)≤h vPCL
h

(a) ≥ 1,

[EPCL6] vPCL
h

(a) ∈ {0, 1}, for a ∈ AR : RDM(a) ≤ h,

[EPCL7]
∑p−k

h=1
vPCL

h
(a∗, b∗) = p − k − 1,

[EPCL8] vPCL
h

(a∗, b∗) ∈ {0, 1}, h = 1, . . . , p − k,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

EPCL
EX

nd

for all a∗, b∗ ∈ AR, such that a∗ 	→
≤l,DM

b∗ :

for h = 1, . . . , p − l :

[EPCU1] U(a∗)− MvPCU
h

(a∗, b∗) ≤ U(a)+ M
(
1 − vPCU

h
(a)

)
,

for all a ∈ AR : RDM(a) ≤ h + l,

[EPCU2]
∑

a∈AR:RDM(a)≤h+l vPCU
h

(a) ≥ 1,

[EPCU3] vPCU
h

(a) ∈ {0, 1}, for a ∈ AR : RDM(a) ≤ h + l,

[EPCU4] U(b∗)+ MvPCU
h

(a∗, b∗) ≥ U(a)− M
(
1 − vPCU

h
(a)

)
,

for all a ∈ AR : LDM(a) ≥ h,

[EPCU5]
∑

a∈AR:LDM(a)≥h vPCU
h

(a) ≥ 1,

[EPCU6] vPCU
h

(a) ∈ {0, 1}, for a ∈ AR : LDM(a) ≥ h,

[EPCU7]
∑p−l

h=1
vPCU

h
(a∗, b∗) = p − l − 1,

[EPCU8] vPCU
h

(a∗, b∗) ∈ {0, 1}, h = 1, . . . , p − l.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

EPCU
EX

he underlying modeling reasoning is analogous to the case of the

hreshold-based procedure. However, instead of comparing the com-

rehensive values of a∗ and b∗ with the thresholds that separate

he classes, they are compared directly with the comprehensive

alues of reference alternatives assigned by the DM to a partic-

lar class range. Thus, for example, when formulating the condi-

ions for placing a∗ to class at least Ch+k, instead of requiring that

(a∗) ≥ th+k−1, we need to guarantee that U(a∗) is not worse than

he comprehensive value of at least one reference alternative a ∈ AR

ssigned by the DM to class at least Ch+k (see constraints [EPCL1],

EPCL2], and [EPCL3] that correspond to constraint [TPCL1] in the

hreshold-based procedure). Precisely, if a binary variable vPCL
h

(a) in-

olved in [EPCL1] is equal to one, then U(a∗) is not less than U(a)
or a ∈ AR : RDM(a) ≤ h + l. Constraint [EPCL3] guarantees that at least

ariable vPCL
h

(a), a ∈ AR : RDM(a) ≤ h + l, is instantiated with one.

On the other hand, to ensure that b∗ is assigned to class at most

h, instead of requiring U(b∗) < th, we need to guarantee that U(b∗) is

orse than the comprehensive value of at least one reference alter-

ative a ∈ AR assigned by the DM to class at most Ch (see constraints

EPCL4], [EPCL5], and [EPCL6] that correspond to constraint [TPCL2]

n the threshold-based procedure), etc. The use of binary variables
PCL
h

(a) in [EPCL4−6] is analogous to their use in [EPCL1−3].

In any case, when formulating the conditions that guarantee that

ome alternative is assigned to a class either at least or at most Ch, h ∈
, in the example-based procedure we need to use more constraints as

ell as more binary variables than in the threshold-based procedure.

inally, the role of the binary variables vPCL
h

(a∗, b∗) and vPCU
h

(a∗, b∗) in
PCL
EX and EPCU

EX , respectively, is the same as in EPCL
TH and EPCU

TH .

.3. Desired class cardinalities

Apart from providing holistic judgments in the form of assign-

ent examples or assignment-based pairwise comparisons, the DM
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ay impose requirements on the delivered recommendation con-

erning desired class cardinalities. In many real-world sorting prob-

ems it is necessary to take into account requirements with respect

o the desired cardinality of classes, e.g., “we need to reject

t least 30 applications and not more than 20 others may de-

erve further consideration”, “at most 10 percent of the employees

an be provided with the highest incentive package”. In general, each

tatement of this type consists of a class Ch, h ∈ H, and its desired car-

inality being equivalent to the minimal Nmin
h,DM

and maximal Nmax
h,DM

umber of alternatives that can be assigned to this class either pre-

isely or imprecisely, e.g., “at least 10 alternatives can be assigned to

lass C1” or “at most 20 alternatives can be assigned to class C2”. Note

hat these are most often imprecise statements which refer to the

ower and upper limits on the number of alternatives to be assigned

o a particular class or to unions of some classes.

Let vh(a), a ∈ A, h ∈ H, be a binary variable such that when being

qual to one, then a is assigned to class Ch either precisely or im-

recisely. Now, requiring that Ch should contain at least Nmin
h,DM

and

t most Nmax
h,DM

alternatives, with Nmin
h,DM

≤ Nmax
h,DM

corresponds to the

ollowing set of constraints:

[CL]
∑

a∈A vh(a) ≥ Nmin
h,DM

,

[CU]
∑

a∈A vh(a) ≤ Nmax
h,DM

,

[CV] vh(a) ∈ {0, 1}, a ∈ A, h ∈ H.

⎫⎪⎬
⎪⎭ ECC

onstraint [CL] ensures that there are at least Nmin
h,DM

alternatives as-

igned to Ch, whereas constraint [CU] guarantees that there are at

ost Nmax
h,DM

alternatives assigned to Ch. Obviously, we can use either

CL] or [CU] only to model the requirements concerning the lower or

pper bound on the cardinality of class Ch, respectively. Moreover,

esired class cardinalities may also refer to the frequencies N
min-perc
h,DM

nd N
max-perc
h,DM

of the set of alternatives (e.g., 10 percent, 25 percent,

r 50 percent) instead of absolute values. Then, Nmin
h,DM

and Nmax
h,DM

are

eplaced by 
N
min-perc
h,DM

· n� and �N
max-perc
h,DM

· n
, respectively.

.3.1. Threshold-based sorting

The constraints which allow taking into account desired class car-

inalities for the threshold-based procedure are the following:

for all a ∈ A, h = 1, . . . , p :

[TC1] U(a) ≥ th−1 − M · (1 − vh(a)),

[TC2] U(a)+ ε ≤ th + M · (1 − vh(a)),

[TC3]
∑p

h=1
vh(a) = 1, for all a ∈ A.

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

ECC
TH

onstraints [TC1] and [TC2] compare comprehensive value of a with

he lower (th−1) and the upper (th) thresholds of class Ch. If vh(a) was

qual to zero, then this would relax all conditions which are necessary

o assign a to class Ch. On the contrary, if vh(a)was equal to one, then

would be assigned to class Ch, since the corresponding conditions

ould be satisfied. Constraint [TC3] admits each alternative to be

ssigned to a single class only.

.3.2. Example-based sorting

The constraints which allow taking into account desired class car-

inalities for the example-based procedure are the following:

for all a ∈ A :

for all a∗ ∈ AR : RDM(a∗) < h :

[EC1] U(a)+ M · (1 − vh(a)) ≥ U(a∗)+ ε, h = 2, . . . , p,

for all a∗ ∈ AR : LDM(a∗) > h :

[EC2] U(a)+ ε − M · (1 − vh(a)) ≤ U(a∗), h = 1, . . . , p − 1,

[EC3]
∑p

h=1
vh(a) ≥ 1.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

ECC
EX

onstraints [EC1] and [EC2] make sure that, when assigned to class

h (i.e., when vh(a) = 1), the comprehensive value of alternative a

s greater than the comprehensive values of reference alternatives
ssigned by the DM to class at most Ch−1, and it is less than the

omprehensive values of all reference alternatives assigned by the DM

o class at least Ch+1. Since the assignment provided by the example-

ased procedure may be imprecise, we admit each alternative to be

ossibly assigned to an imprecise class range rather than a single class

nly (see constraint [EC3]). The latter implies that in case vh(a) =
, we should explicitly guarantee that a is not assigned to Ch. This

equires the use of some additional constraints and binary variables.

s a result, modeling desired class cardinalities for an example-based

orting procedure is feasible only for small decision problems. In any

ase, when formulating the conditions ensuring that some alternative

s assigned to class Ch, in the example-based procedure we need to

se more constraints than in the threshold-based procedure.

.4. Additional preference information

In this sub-section, we consider additional types of preference

nformation. The first group of statements we account for concerns

he desired comprehensive values or the difference between com-

rehensive values of alternatives assigned to a given class or class

ange. These are in agreement with the recent proposal of modeling

cores of alternatives attaining some particular rank (Punkka & Salo,

013). In particular, we consider the following statements and the

orresponding constraints:

• The value of an alternative assigned to class at least Ch is at least

u≥h ∈ [0, 1]:

for the threshold-based procedure: th−1 ≥ u≥h,

for the example-based procedure: U(a∗) ≥ u≥h,

for all a∗ ∈ AR : LDM(a∗) ≥ h.

• The value of an alternative assigned to class at most Ch is at most

u≤h ∈ [0, 1]:

for the threshold-based procedure: th ≤ u≤h,

for the example-based procedure: U(a∗) ≤ u≤h,

for all a∗ ∈ AR : RDM(a∗) ≤ h.

• The difference of comprehensive values of the alternative assigned

to class at least Ch and the alternative assigned to class at most Ck

(with h > k) is at least u≥(h,k):

for all a, b ∈ A :

U(a)+ ε ≤ th−1 + M(1 − v≥h(a)),

U(b) ≥ tk − M(1 − v≤k(b)),

U(a)− U(b) ≥ u≥(h,k) − M(v≥h(a)+ v≤k(b)),

v≥h(a), v≤k(b) ∈ {0, 1}.

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

If U(a) ≥ th−1 (U(b) < tk), then a binary variable v≥h(a) (v≤k(b))
needs to be equal to one. If both v≥h(a)and v≤k(b)are equal to one,

then the difference between U(a) and U(b) needs to be not less

than u≥(h,k). Thus, the above set of constraints corresponds to the

following implication:

if U(a) ≥ th−1 and U(b) < tk then U(a)− U(b) ≥ u≥(h,k).

• The difference of comprehensive values of the alternative assigned

to class at most Ch and the alternative assigned to class at least Ck

(with h > k) is at most u≤(h,k):

for all a, b ∈ A :
U(a) ≥ th − M(1 − v≤h(a)),
U(b)+ ε ≤ tk−1 + M(1 − v≥k(b)),
U(a)− U(b) ≤ u≤(h,k) + M(v≤h(a)+ v≥k(b)),
v≤h(a), v≥k(b) ∈ {0, 1}.

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

The use of binary variables v≤h(a)and v≥k(b)can be explained anal-

ogously to the previous case. Precisely, the above set of constraints
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corresponds to the following implication:

if U(a) < th and U(b) ≥ tk−1 then U(a)− U(b) ≤ u≤(h,k).

In case of the example-based procedure, the statements concern-

ing desired difference between comprehensive values of two al-

ternatives are modeled analogously.

The second group of statements concerns the shape of marginal

value functions. In particular, we can handle the following state-

ments:

• The concavity of the marginal value function uj(a) on criterion gj:

uj(x
i
j) ≤ uj(x

i−2
j

)+ [uj(x
i−1
j

)− uj(x
i−2
j

)]

× (xi
j − xi−2

j
)/(xi−1

j
− xi−2

j
), for all i ∈ {3, . . . , x

nj(A)

j
},

or in case of piece-wise linear function:

uj(g
s
j ) ≤ uj(g

s−2
j

)+ 2[uj(g
s−1
j

)− uj(g
s−2
j

))], for all s ∈ {3, . . . , γj}.
• The convexity requirement is modeled analogously; then the di-

rection of the above specified inequalities needs to be changed

from ≤ to ≥.
• Ratio estimates of relative values concerning comparison of poten-

tial increments, e.g., from xa
j

to xb
j

on criterion gj (where xa
j

< xb
j
)

and from xc
k

to xd
k

on criterion gk (where xc
k

< xd
k
):

α[uk(x
c
k) < uk(x

d
k)] ≤ uj(x

a
j )− uj(x

b
j ) ≤ β[uk(x

c
k) < uk(x

d
k)],

where α and β are, respectively, lower and upper bounds of the

ratio.
• Ordinal value statements (intensities of preference) stating that

the importance of the increment from xa
j

to xb
j

on criterion gj is

at least as strong as the importance of the gain from xc
k

to xd
k

on

criterion gk:

uj(x
a
j )− uj(x

b
j ) ≥ uk(x

c
k)− uk(x

d
k).

In fact, the above statements have been already used in the context

of ranking problems (see, e.g., Labreuche, Maudet, Mousseau, & Ouer-

dane, 2012; Salo & Hämäläinen, 2001), but have not received due

attention in view of multiple criteria sorting.

Let us denote the set of constraints stemming from pro-

viding by the DM additional types of preference information

by EADPI .

In order to verify that the set of preference model instances (pairs

(U , t)R or value functions UR) compatible with preference informa-

tion provided by the DM is not empty, we consider the following

mathematical programming problem:

Maximize : ε, subject to ESORT , (9)

where in case of:

• threshold-based procedure: ESORT = EBASE
TH ∪ EAE

TH ∪ EPCL
TH ∪ EPCU

TH ∪
ECC ∪ ECC

TH ∪ EADPI;
• example-based procedure: ESORT = EBASE

EX ∪ EAE
EX ∪ EPCL

EX ∪ EPCU
EX ∪

ECC ∪ ECC
EX ∪ EADPI .

Even though EBASE
TH contains additional variables representing the class

thresholds when compared with EBASE
EX , ESORT for the threshold-based

procedure involves fewer constraints and fewer binary variables than

its counterpart for the example-based procedure. This is mainly due

to the mathematical modeling of assignment-based pairwise com-

parisons and desired class cardinalities discussed in Sections 4.2

and 4.3.

Let us denote by ε∗ the maximal value of ε obtained from the

solution of the above Mixed-Integer Linear Programming problem,

i.e., ε∗ = max ε, subject to ESORT . We conclude that (U , t)R or UR is
ot empty, if ESORT is feasible and ε∗ > 0. In such a case, there exists

> 0 for which the set of constraints is feasible, which means that all

ieces of preference information could be reproduced by at least one

alue function. On the contrary, when ESORT is infeasible or ε∗ ≤ 0,

ome pieces of DM’s preference information cannot be reproduced

y the assumed preference model and need to be revised.

The general scheme for dealing with incompatibility of the pro-

ided preference information with the assumed preference model

s based on Mixed-Integer Linear Programming (Mousseau, Dias, &

igueira, 2006). Precisely, with each piece of preference information,

e associate a unique binary variable vPI . Then, we rewrite the con-

traints corresponding to this piece using vPI so that if it was equal to

ne, the corresponding piece would be eliminated. Let us demonstrate

his reformulation for the three basic types of preference information

hen using the threshold-based procedure. Below, we present only

he rewritten constraints, while the rest remains unchanged:

• for each assignment example:

[TAE′
1] U(a∗) ≥ tLDM(a∗)−1 − vPI,

[TAE′
2] U(a∗)+ ε ≤ tRDM(a∗) + vPI;

}

• for each assignment-based pairwise comparison:

[TPCL′
3]

∑p−k

h=1
vPCL

h
(a∗, b∗) = p − k − 1 + vPI, or

[TPCU′
3]

∑p−l−1

h=0
vPCU

h
(a∗, b∗) = p − l − 1 + vPI;

}

• for each desired class cardinality:

[CL′]
∑

a∈A vh(a) ≥ Nmin
h,DM

(1 − vPI),

[CU′]
∑

a∈A vh(a) ≤ Nmax
h,DM

+ n · vPI.

}

dentifying a minimal subset of troublesome pieces of preference in-

ormation can be performed by minimizing the sum of binary vari-

bles vPI , subject to the rewritten set of constraints ESORT ′
. Obviously,

ne could try to identify the reasons of inconsistency limiting the

earch only to a particular kind of preference information (e.g., assign-

ent examples, assignment-based pairwise comparisons, or desired

lass cardinalities). In this case, we would introduce binary variables

nly for the constraints related to preferences of this type. Moreover,

f the DM is able to express confidence judgments for each piece of

reference information, they may be taken into account when incon-

istency arises (see Mousseau et al., 2006 for details).

. Recommendation

ny preference model instance belonging to the set of compatible

airs (U , t)R or value functions UR reproduces all pieces of preference

nformation given by the DM. The selection of a single model instance

ails to investigate whether there are other compatible instances of

he preference model which fit the DM’s preferences equally well,

nd it sticks to a rather arbitrary chosen model. In this way, the user

s not provided with the possible results in case some other compat-

ble instance of the model or another selection rule was considered.

oreover, in practical decision aiding, where often the preferences

eed to be co-constructed in an interactive process by the DM and

he analyst running the calculations, the DM has the interest in in-

estigating what are the consequences of her/his partial preferences.

hus, in this case providing immediately a final recommendation is

ot desirable.

Obviously, the sorting recommendation may vary substantially

epending on which option of elicited preference information is se-

ected. We apply all compatible preference model instances to work

ut a recommendation for the set of alternatives A, and examine the

nfluence of variability or imprecision of the input preference infor-

ation on the variability of the proposed recommendation. In this

ection, we discuss the wide spectrum of procedures for robustness

nd sensitivity analysis that could be employed within the proposed
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ramework. By exhibiting results of this analysis, we force the DM to

onfront her/his value system with the results of applying the inferred

odel on the set of alternatives. This confrontation leads her/him to

ain insights about her/his preferences, providing reactions in the

ubsequent iteration, as well as to better understand of the employed

pproach.

For the sake of brevity, we focus on the threshold-based procedure.

he suitable algorithms for providing the possible and necessary as-

ignments and assignment-based preference relations are given in

adziński and Tervonen (2013), while the algorithm for determining

he extreme class cardinalities is the same irrespective of the proce-

ure employed.

.1. Possible and necessary assignments

Given a set of compatible preference model instances, the possible

ssignment CP(a) is defined as the set of indices of classes Ch for which

here exists at least one compatible model instance assigning a to Ch,

nd the necessary assignment CN(a) as the set of indices of classes Ch

or which all compatible model instances assign a to Ch.

The possible assignment of a ∈ A to class Ch, h ∈ H, can be verified

y considering the following set of constraints:

TP1] U(a) ≥ th−1, if h ≥ 2,

TP2] U(a)+ ε ≤ th, if h ≤ p − 1,

TP3] ESORT.

⎫⎬
⎭ ETH(a →P Ch)

onstraints [TP1] and [TP2] ensure that the comprehensive value of al-

ernative a ∈ A is between the lower and upper thresholds of class Ch.

et of constraints [TP3] defines the set of pairs (U , t)R compatible with

he DM’s preference information. Hence ETH(a →P Ch) has the neces-

ary constraints for assigning a to Ch by the threshold-based proce-

ure for a compatible pair (U, t), i.e. U(a) ≥ th−1 and U(a) < th. We con-

lude that ∃(U, t) ∈ (U , t)R : C(U,t)(a) = h, i.e. a →P Ch, iff ETH(a →P Ch)
s feasible and ε∗ = max ε s.t. ETH(a →P Ch) > 0. Hence h ∈ CP(a).

The necessary assignment of a ∈ A to class Ch, h ∈ H, can be verified

y considering the following set of constraints:

TN1] U(a)+ ε ≤ th−1 + M · v1, if h ≥ 2,

TN2] U(a) ≥ th − M · v2, if h ≤ p − 1,

TN3] v1 + v2 = 1, if 1 ≤ h ≤ p − 1,

TN4] v1, v2 ∈ {0, 1},
TN5] ESORT .

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

ETH(a →N Ch)

onstraint [TN1] ensures that in case v1 = 0, the comprehensive value

f alternative a ∈ A is less than the lower threshold of class Ch, i.e.

(a) < th−1. Constraint [TN2] ensures that in case v2 = 0, the compre-

ensive value of alternative a ∈ A is not less than the upper threshold

f class Ch, i.e. U(a) ≥ th. Constraints [TN3] and [TN4] guarantee that

ither v1 or v2 is equal to zero, i.e., either U(a) < th−1 or U(a) ≥ th

s satisfied. Note that if h = 1 (h = p), v2 (v1) should be set to zero.

ence ETH(a →N Ch) has the necessary constraints for assigning a to

class different than Ch for a compatible pair (U, t), i.e. either to a

lass worse than Ch or to a class better than Ch. We conclude that

(U, t) ∈ (U , t)R : C(U,t)(a) = h, i.e. a →N Ch, iff ETH(a →N Ch) is infea-

ible or ε∗ = max ε s.t. ETH(a →N Ch) ≤ 0. In this case, there exists

o pair (U, t) ∈ (U , t)R that assigns a ∈ A to a class worse or better

han Ch.

.2. Necessary and possible assignment-based preference relations

Given a set of compatible preference model instances, the possi-

le assignment-based preference relation a �→,P b holds if a is as-

igned to a class at least as good as class of b (i.e., a �→ b) for at least

ne compatible model instance, and the necessary assignment-based

reference relation a �→,N b is true if a is assigned to a class at least

s good as class of b for all compatible model instances.
The assignment-based preference relations allow direct compar-

son of alternatives in terms of their sorting recommendation. This

annot be achieved for all pairs of alternatives when referring only to

heir necessary and possible assignments. For example, the possible

ssignments for a, b ∈ A, may be the same, but a may be incompa-

able with b in terms of �→,N , or the intersection of the possible

ssignments for c, d ∈ A, may be non-empty, but c may be assigned

o a class strictly better than d for each compatible model instance.

he assignment-based preference relations should not be confused

ith the ranking-specific necessary and possible preference relations

ntroduced in Greco, Mousseau, and Słowiński (2008). The latter ones

re defined with respect to the comprehensive values (scores) of al-

ernatives rather than their class assignments. Obviously, the truth of

he necessary (possible) preference relation for a pair of alternatives

mplies also the truth of its assignment-based counterpart. However,

he opposite implication is not true. As a result, the necessary and

ossible assignment-based preference relations need to be verified in

way specific for sorting problems.

The truth of relation a �→,P b is verified by considering the fol-

owing set of constraints:

TPAR1] U(a) ≥ th−1, if h ≥ 2,

TPAR2] U(b)+ ε ≤ th, if h ≤ p − 1,

TPAR3] ESORT .

⎫⎬
⎭ ETH

h (a �→,P b)

onstraint [TPAR1] ensures that the comprehensive value of alter-

ative a ∈ A is not less than the lower threshold value of class Ch.

onstraint [TPAR2] ensures that the comprehensive value of alterna-

ive b ∈ A is less than the upper threshold value of class Ch. Hence
TH
h

(a �→,P b) has the necessary constraints for assigning a to a class

t least as good as Ch, and b to a class not better than Ch for a compat-

ble pair (U, t). Thus, it guarantees that a is assigned to a class at least

s good as b. We conclude that a �→,P b iff ∃h ∈ {1, . . . , p} such that
TH
h

(a �→,P b) is feasible and ε∗ = max ε s.t. ETH
h

(a �→,P b) > 0.

Relation a �→,N b can be computed by considering the following

et of constraints:

TNAR1] U(b) ≥ th,

TNAR2] U(a)+ ε ≤ th,

TNAR3] ESORT .

⎫⎬
⎭ ETH

h (a �→,N b)

onstraint [TNAR1] ensures that the comprehensive value of alter-

ative b ∈ A is not less than the upper threshold value of class Ch.

onstraint [TNAR2] ensures that the comprehensive value of alterna-

ive a ∈ A is less than the upper threshold value of class Ch. Hence
TH
h

(a �→,N b) has the necessary constraints for assigning a to a class

ot better than Ch, and b to a class better than Ch with a compatible pair

U, t). We conclude that a �→,N b iff ∀h ∈ {1, . . . , p − 1}: ETH
h

(a �→,N

) given above is infeasible or ε∗ = max ε s.t. ETH
h

(a �→,N b) ≤ 0. In

his case, for all h ∈ {1, . . . , p − 1} there exists no pair (U, t) ∈ (U , t)R

hat assigns a to a class at most Ch and b to a class better than Ch.

.3. Extreme class cardinalities

To compute the minimal Nmin
h

and maximal Nmax
h

cardinality of

lass Ch, the following Mixed-Integer Linear Programming problems

eed to be solved:

Minimize/maximize:
∑
a∈A

vh(a), subject to ESORT . (10)

et us remind that vh(a), a ∈ A, h ∈ H, is a binary variable such that

hen being equal to one, then a is assigned to class Ch either precisely

r imprecisely, and when equal to zero, a is assigned to a class or class

ange not containing Ch. Thus, to obtain the extreme class cardinalities

t is sufficient to minimize and maximize the sum of vh(a) for all

∈ A, subject to the set of constraints ESORT which define the set

f preference model instances compatible with the DM’s preference
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Table 1

Cities’ performances.

g1 g2 g3 g4

Hong Kong 95.0 85.9 96.4 75.0

Osaka 90.0 93.5 96.4 64.0

Tokyo 90.0 94.4 92.9 53.3

Seoul 80.0 85.6 89.3 58.8

Singapore 95.0 76.6 100 46.7

Beijing 80.0 72.2 85.7 51.5

Shanghai 80.0 75.0 75.0 46.1

Shenzhen 85.0 63.7 82.1 48.5

Kuala Lumpur 80.0 67.8 76.8 36.6

Tianjin 90.0 65.3 82.1 27.7

Guangzhou 80.0 61.1 76.8 42.9

New Delhi 55.0 55.6 58.9 58.6

Dalian 85.0 62.0 75.0 21.0

Manila 60.0 63.2 75.0 21.0

Bangkok 50.0 64.4 69.6 36.3

Mumbai 60.0 56.3 51.8 52.1

Jakarta 50.0 59.3 57.1 42.3

Hanoi 55.0 53.7 51.8 38.4

Damascus 55.0 54.2 55.4 36.5

Tashkent 50.0 55.3 51.8 26.8

Ho Chi Minh City 55.0 49.5 48.2 35.1

Tehran 50.0 35.9 33.9 53.6

Phnom Penh 60.0 49.3 53.6 24.1

Karachi 20.0 38.7 51.8 48.5

Table 2

Assignment examples.

Class First iteration Second iteration Third iteration

C1 Phnom Penh

C2 New Delhi, Jakarta Manila Dalian

C3 Beijing, Guangzhou Tianjin

C4 Tokyo Singapore
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6. Impact of the type of preference information on

recommendation

When considering the impact of the type of preference information

on the provided results, it is interesting to analyze two aspects. First,

let us discuss the correspondence between the provided preference

information and the delivered results. For any a∗, b∗ ∈ AR and h ∈ H,

these relations can be summarized as follows:

• CN(a∗) ⊆ CP(a
∗) ⊆ [CLDM(a∗), CRDM(a∗)];

• LDM(a∗) ≥ RDM(b∗) ⇒ a∗ �→,N b∗;
• a∗ 	→

≥k, DM
b∗, k ≥ 0 ⇒ a∗ �→,N b∗;

• a∗ 	→
≥k,DM

b∗, k > 0 ⇒ not(a∗ �→,P b∗);
• a∗ 	→

≥k,DM
b∗, k > 0 ⇒ LP(a

∗) ≥ LP(b
∗)+ k and RP(a

∗) ≥ RP(b
∗)+

k;
• Nmin

h
≥ Nmin

h,DM
and Nmax

h
≤ Nmax

h,DM
.

Secondly, let us study the evolution of the results with the growth

of preference information. In fact, interactive specification of pref-

erence information is encouraged by the proposed method, because

presenting the results obtained for the provided preference informa-

tion, engages the DM in an interaction with the analyst. For example,

viewing the possible assignments or extreme class cardinalities, the

DM may judge that these ranges are too wide, and supply more pre-

cise assignment examples in the next iteration. On the other hand,

comparing the necessary and possible assignment-based preference

relations, the DM is encouraged to supply preference information

that is missing in the necessary relation. The constraints related to

every new piece of preference information tend to reduce the feasi-

ble polyhedron of all compatible preference model instances. At each

iteration it = 1, . . . , s, we can compute the results, and the following

interdependencies between outcomes of two subsequent iterations

hold:

• CP,it(a) ⊆ CP,it−1(a);

• �→,N
it

and �→,P
it

are nested relations: �→,N
it−1

⊆ �→,N
it

and �→,P
it−1

⊇ �→,P
it

;

• [Nmin
h,it

, Nmax
h,it

] ⊆ [Nmin
h,it−1

, Nmax
h,it−1

].

Thus, with the growth of preference information, the possible assign-

ments and class cardinalities become more precise, the necessary

assignment-based preference relation is enriched, while the possible

relation is weakened. Obviously, we admit that the DM may remove

or modify previously provided pieces of preference information. This

is likely to happen, e.g., when the DM changed her/his point of view

or in case of inconsistent judgments.

7. Illustrative case study

There is no consensus on how to evaluate cities in terms of live-

ability. The Economist Intelligence Unit (EIU) proposed to consider

the Spatially Adjusted Liveability Index, which is based on the living

conditions as well as spatial aspects of city life, such as its urban form,

geographical situation, cultural assets, and pollution. Reconsidering

the EIU study, we take into account four criteria with an increas-

ing direction of preference: stability (g1), culture and environment

(g2), infrastructure (g3), and spatial characteristics (g4). We focus on

24 cities from Asia with the aim of placing them within one of four

classes C1–C4, such that C1 is the worst class and C4 is the best class

(see Table 1 for cities’ performances).

We apply the threshold-based sorting procedure and assume a DM

to have provided preference information of different types, including:

• six exemplary assignments (see Table 2), e.g., Phnom Penh is as-

signed to the worst class C1;
• three assignment-based pairwise comparisons (see Table 3), e.g.,

Hanoi is claimed to be better than Ho Chi Minh City by one class

(i.e., it is better by at least and at most one class at the same time);
• desired class cardinalities for all classes stating that the number of

alternatives assigned to each class should be between three and

nine (see Table 4).

hese preference statements are consistent and the set of compatible

nstances of the preference model (value functions and class threshold

alues) is not empty.

The possible assignments are presented in Table 5. As noted in

adziński and Tervonen (2013), when using a threshold-based sort-

ng procedure, the necessary assignment is either empty (in case there

s no unanimity with respect to the assignment provided by different

ompatible pairs (U, t)) or precise (if possible assignment is precise

s well). For brevity, we skip explicit presentation of the necessary

ssignments. In any case, for six reference cities, the possible and

ecessary assignments are not empty. Another six cities (Hong Kong,

saka, Seoul, Mumbai, Hanoi, and Ho Chi Minh City), which have

ot been referred by the DM as assignment examples are precisely

ssigned to a single class. For the remaining 12 alternatives, the nec-

ssary assignment is empty and the possible assignment is imprecise.

here are nine cities possibly assigned to two consecutive classes and

hree cities with a possible assignment of three classes (Shanghai,

ianjin, and Manila).

A Hasse diagram of the necessary assignment-based preference

elation �→,N is presented in Fig. 1. When analyzing this diagram,

e can distinguish three types of assignment-based relations derived

rom �→,N:

• Indifference ∼→,N (i.e., a symmetric part of �→,N), which holds for

pairs of cities assigned to the same class by all compatible value

functions and class thresholds (e.g., irrespective of the compatible

model instance, Hong Kong, Osaka, Tokyo, and Seoul are assigned

to C4). These cities are grouped together within a single node in
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Table 3

Assignment-based pairwise comparisons.

Symbols First iteration Symbols Second iteration Symbols Third iteration

11 Seoul 	→
≥2,DM Mumbai 21 Shanghai 	→

≥0,DM Shenzhen 31 Damascus 	→
≥1,DM Tashkent

12 Kuala Lumpur 	→
≥1,DM Bangkok 21 Shanghai 	→

≤0,DM Shenzhen 31 Damascus 	→
≤1,DM Tashkent

13 Hanoi 	→
≥1,DM Ho Chi Minh City 22 Bangkok 	→

≥1,DMTehran

13 Hanoi 	→
≤1,DM Ho Chi Minh City

Table 4

Desired class cardinalities.

First iteration Second iteration Third iteration

Class Nmin
h,DM

Nmax
h,DM

Nmin
h,DM

Nmax
h,DM

Nmin
h,DM

Nmax
h,DM

C1 3 9 4 8 5 6

C2 3 9 4 8 7 8

C3 3 9 4 7 6 7

C4 3 9 4 7 5 5

Table 5

Possible assignments.

First iteration Second iteration Third iteration

Hong Kong C4 C4 C4

Osaka C4 C4 C4

Tokyo C4 C4 C4

Seoul C4 C4 C4

Singapore C3 − C4 C4 C4

Beijing C3 C3 C3

Shanghai C2 − C4 C3 C3

Shenzhen C3 − C4 C3 C3

Kuala Lumpur C2 − C3 C3 C3

Tianjin C2 − C4 C3 C3

Guangzhou C3 C3 C3

New Delhi C2 C2 C2

Dalian C2 − C3 C2 − C3 C2

Manila C1 − C3 C2 C2

Bangkok C1 − C2 C2 C2

Mumbai C2 C2 C2

Jakarta C2 C2 C2

Hanoi C2 C2 C2

Damascus C1 − C2 C1 − C2 C2

Tashkent C1 − C2 C1 − C2 C1

Ho Chi Minh City C1 C1 C1

Tehran C1 − C2 C1 C1

Phnom Penh C1 C1 C1

Karachi C1 − C2 C1 − C2 C1

Dalian

TianjinShanghai

Singapore

Osaka TokyoHong Kong

Kuala Lumpur 12

Ho Chi Minh 13 Phnom Penh

Seoul 11

Shenzhen

GuangzhouBeijing

Mumbai 11 JakartaNew Delhi Hanoi 13 Manila

Tehran Bangkok 12 Damascus

TashkentKarachi

Fig. 1. Hasse diagram of the necessary assignment-based preference relation in the

first iteration (dashed line indicates assignment example provided in the current iter-

ation; symbols 11, 12 and 13 distinguish alternatives compared pairwise).
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Fig. 1. This interpretation of indifference is consistent with the

general definition of decision classes in sorting problems, which

is related to the way in which alternatives assigned to each class

would be further processed. This treatment needs to be the same

for all alternatives placed in the same class.
• Strict preference 	→,N (i.e., an asymmetric part of �→,N), which

holds for pairs of cities (a, b) ∈ A × A (e.g., (Osaka, Singapore) and

(Osaka, Shanghai)), such that a is assigned to a class at least as good

as b by all compatible value functions and class thresholds, while

the inverse relation does not hold (i.e., not(b �→,N a), which means

that there is at least one compatible model instance that assigns b

to a class worse than a). These pairs of cities are connected by an

arrow in Fig. 1 (since 	→,N is transitive, the arcs obtainable by the

transitive closure are omitted in the figure).
• Incomparability R→,N , which holds for pairs of cities a, b ∈ A (e.g.,

(Shenzhen, Shanghai), (Hanoi, Manila)) which are not related by

the necessary relation �→,N . This means that for some compati-

ble model instances a is assigned to a class strictly better than b,

whereas for some other compatible instances the order of classes

is inverse. These cities are not related by an arc in Fig. 1 (nei-

ther directly nor when considering transitivity of the necessary

relation).
s noted in Kadziński and Tervonen (2013) the purpose of the

ssignment-based relations is not to rank the alternatives, but merely

o enable their pairwise comparisons in a manner compatible with

he sorting method.

Obviously, �→,N reproduces the assignment-based pairwise com-

arisons provided by the DM (e.g., Seoul 	→
≥2,DM

Mumbai ⇒ Seoul
→,N Mumbai). Relation �→,N is also consistent with the provided

ssignment examples. Alternatives assigned by the DM to a class

trictly better are necessarily preferred to those assigned to a class

orse (see, e.g., (Tokyo, Beijing), (Guangzhou, Phnom Penh)). More-

ver, alternatives assigned by the DM to the same class are indif-

erent in terms of �→,N (see, e.g., (Beijing, Gaungzhou), (New Delhi,

akarta)). Relation �→,N reveals interdependencies between class as-

ignments for pairs of alternatives which are not obvious when con-

idering only the possible assignments. For example, even though

ingapore and Shenzhen are both possibly assigned to classes C3 and

4, Singapore is always placed in a class at least as good as Shenzhen,

hile the opposite does not hold. Such information is particularly

seful when the possible assignments of alternatives are imprecise.

inally, let us refer to the impact of assignment-based pairwise com-

arisons on the possible assignments. For example, Seoul which has
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Table 6

Class cardinalities.

First iteration Second iteration Third iteration

Class Nmin
h

Nmax
h

Nmin
h

Nmax
h

Nmin
h

Nmax
h

C1 3 8 4 6 5 5

C2 4 9 6 8 8 8

C3 3 9 6 7 6 6

C4 4 7 5 5 5 5

Dalian

TianjinShanghai 21

SingaporeOsaka TokyoHong Kong

Kuala Lumpur

Ho Chi Minh Phnom Penh

Seoul

Shenzhen 21 GuangzhouBeijing

Mumbai JakartaNew Delhi HanoiManila

Tehran 22

Bangkok 22

Damascus

TashkentKarachi

Fig. 2. Hasse diagram of the necessary assignment-based preference relation in the

second iteration.

Dalian

TianjinShanghai

SingaporeOsaka TokyoHong Kong

Kuala Lumpur

Ho Chi Minh Phnom Penh

Seoul

Shenzhen GuangzhouBeijing

Mumbai Jakarta

New Delhi

Hanoi

Manila

Tehran

Bangkok

Damascus 31

Tashkent 31Karachi

Fig. 3. Hasse diagram of the necessary assignment-based preference relation in the

third iteration.
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some class.
been judged to be better than Mumbai by at least two classes is neces-

sarily assigned to C4, while Mumbai is assigned to C2 with all compat-

ible preference model instances. On the other hand, while CP(Kuala

Lumpur) = [C2, C3], CP(Bangkok) = [C1, C2], and the decision maker

required Kuala Lumpur 	→
≥1,DM

Bangkok, we know that when Kuala

Lumpur is assigned to C3 or C2, Bangkok is assigned, respectively, to

C2 or C1 (they are never placed together in C2).

When it comes to the extreme class cardinalities (see Table 6),

they respect the desired cardinalities provided by the DM. For three

classes (C1, C2, and C4), the cardinality interval is more precise than

the one imposed by the DM. For example, there are between four and

seven cities assigned to the best class, while the allowed limits are

between three and nine. It is also interesting to collate these class

cardinalities with possible assignments. For example, while there are

eight cities possibly assigned to C4, up to seven are placed in this class

at the same time. In the same spirit, while there are only two cities

necessarily assigned to C1, at least three cities are always placed in

this class by any compatible preference model instance.

The above analysis reveals the multilayer interdependencies be-

tween different types of preference information and sorting results.

What is more, these results stimulate the DM to enrich her/his prefer-

ences in the next iteration. Let us suppose that considering the results

of the first iteration, the DM feels confident that:

• another three cities (Manila, Tianjin, and Singapore) with impre-

cise possible assignments should be assigned precisely to a single

class (see Table 2);
• Shenzhen and Shanghai should be assigned to the same class,

while Bangkok should be assigned to a class better than Tehran

(see Table 3); these two pairs of alternatives were incomparable

in terms of the necessary assignment-based preference relation in

the first iteration;
• desired class cardinalities should be even more strict than the

resulting cardinality intervals after the first iteration (see Table 4).

When compared to the previous iteration, there are another eight

cities (e.g., Shanghai, Bangkok, and Tehran) with a non-empty precise

possible and necessary assignments (see Table 5). For only four cities

there is a hesitation with respect to their assignment.

Further, the possible and necessary assignment-based preference

relations converge with the growth of preference information (see

Fig. 2). In particular, the necessary partial preorder is enriched (e.g.,

Dalian �→,N Manila, while this was not true in the previous iteration),

and the possible relation is weakened. At this stage, all pairs of cities,

except one, are related by �→,N . The cities grouped together in a single

node (e.g., New Delhi, Manila, Bangkok, Mumbai, Jakarta, and Hanoi)

are assigned to the same class by all compatible preference model

instances. Pairs of cities connected by an arrow are related by 	→,N .

For example, Hong Kong is assigned to a class better than Beijing

by all compatible model instances (C4 vs. C3). Further, Damascus is

assigned to a class at least as good as Karachi for all compatible model

instances, while being assigned to a class strictly better for some

instances. This means that whenever Karachi is assigned to C2, the

same holds for Damascus, but there exists at least one compatible

model instance assigning Karachi to C1 and Damascus to C2. The only

pair of cities which is incomparable in terms of �→,N is (Karachi,

Tashkent). Since these cities are possibly assigned to [C1, C2], this
ncomparability means that with some compatible model instances

arachi is placed in C2 and Taskhent is assigned to C1, while for some

ther compatible model instances, the order of classes is inverse.

ote that the last two observations cannot be derived directly from

he necessary and possible assignments.

Finally, the range of class cardinalities in the second iteration is

arrower for all classes (see Table 6). For example, all compatible

reference model instances assign five alternatives to class C4. In

eneral, incremental specification of preference information allows

btaining more precise recommendation. It is the case, since new

ieces of preference information constrained the set of compatible

alue functions and class thresholds.

Obviously, the interactive process can be pursued until the ob-

ained results are decisive enough for the DM. Let us assume that

n the third iteration, the DM provides additional exemplary assign-

ent (see Table 2), another assignment-based pairwise comparison

see Table 3), and more precise desired class cardinalities (see Table 4).

s a result, the possible and necessary assignments for all cities are

recise (see Table 5), the cardinalities of all classes are exact (see

able 6), and the necessary assignment-based preference relation is

complete pre-order. When analyzing the Hasse diagram of this re-

ation presented in Fig. 3, we can distinguish four indifference classes

omposed of cities which are assigned to, respectively, C4, C3, C2, or

1, by all compatible model instances. Further, all cities assigned to

4 are related by 	→,N with the cities assigned to C1, C2, and C3,

tc. Note, however, that obtaining such a complete pre-order at the

nd of the decision aiding process is not the target per se. It should

e rather seen a side effect of all cities being precisely assigned to
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. Conclusions

In this paper, we presented an integrated preference modeling

ramework for value-driven multiple criteria sorting, called ROR-

TADIS. We considered a set of preference model instances com-

atible with assignment examples, desired class cardinalities, and

ssignment-based pairwise comparisons. The main motivation for

ntroducing the latter type of preference information comes from the

ommon use of such statements in practical situations and some un-

esired properties of the recommendation worked out with the use of

raditional methods. We proposed some Mixed-Integer Programming

odels which allow the consideration of such preference statements

n a preference disaggregation framework. We have also discussed the

sefulness of other types of preference information, referring to the

hape of marginal value functions or desired comprehensive values

f alternatives. Then, we employed example- and threshold-based

rocedures for deriving sorting recommendation with all compatible

reference model instances. This is materialized with the necessary

nd possible assignments and assignment-based preference relations

s well as extreme class cardinalities. We emphasized how deci-

ion aiding can benefit from a complementary use of different types

f preference information and sorting results within an interactive

rocess.

We envisage the following future developments:

• implementation of a dedicated decision support system within the

diviz platform (Meyer & Bigaret, 2012); this system will be com-

posed of some modular components so that the users can easily

choose the types of preference information and sorting results that

they would like to consider;
• thorough experimental analysis of the introduced approach and

its application to some real world problems, e.g., in the field of

finance;
• adaptation of the integrated framework for multiple criteria sort-

ing to outranking- (Kadziński, Tervonen, & Figueira, 2014) and

rule-based (Kadziński, Greco, & Słowiński, 2014) methods and

group decision problems;
• extending stochastic ordinal regression (Kadziński & Tervonen,

2013) as well as procedures for computation of preferential

reducts (Kadziński, Corrente, Greco, & Słowiński, 2014) to vari-

ous types of preference information and sorting results proposed

in this paper.
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